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TLDR

Adaptive methods need much less tuning for the learning rate than SGD. We
introduce a single quantity, the stability index δt, whose scaling in the step
size explains this, and prove that these methods are always at least as stable
as SGD.

Problem setup and motivation

We consider the problem
min
x∈Rd

f (x), f (x) := Es

[
f (x, s)

]
.

Assumption (poster-only): every x 7→ f (x, s) is convex (can be extended to
weakly convex).
Let gt ∈ ∂f (xt, st) be a subgradient and α > 0 a step size. Then

xt+1 = xt − αgt. (SGD)
I The step size α is the most important hyperparameter to tune.
I While empirically it is well documented that adaptive step-size methods

(see below) need less tuning for α, [Schaipp et al., 2024, Islamov et al.,
2025], existing theory does not focus on stability.

I Goal: a theoretical framework that quantifies and explains this stability gap.

Four stochastic methods

Let gt ∈ ∂f (xt, st) be a subgradient and α > 0 a user-specified step size.

SPS : xt+1 = xt − τtgt, τt = min
{

α,
f (xt,st)−Cst

‖gt‖2

}
NGN : xt+1 = xt − γtgt, γt = α

1+ α
2f (xt,st)

‖gt‖2

SPP : xt+1 = arg min
y∈Rd

f (y, st) + 1
2α‖y − xt‖2

Here Cst
≤ inf f (·, st) is a (known) lower bound; in machine learning, we can

usually set Cst
= 0 (non-negative losses).
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Figure 1. Toy example. Left: next-iterate loss vs. step size α. Right: the stability index δt as a
function of α. For large α, stable loss values coincide with a benign (≈ sub-linear) growth of δt.

How to quantify stability?

All four methods can be analyzed in a joint framework (stochastic proximal
point on a model of the loss, see below). Within this framework, we show that
a single quantity derived from that model — the stability index — governs
how suboptimality degrades as α grows.

Model-based framework

Given a model fxt
(·, st) of f (·, st) around xt, the update of model-based stochas-

tic proximal point [Asi and Duchi, 2019, Davis and Drusvyatskiy, 2019] is
xt+1 = arg min

y∈Rd

fxt
(y, st) + 1

2αt
‖y − xt‖2. (1)

SGD → linear model, SPS → truncated model,
NGN → square-root model, SPP → exact model.

The stability index is defined as follows:

δt := f (xt, st) − fxt
(xt+1, st) − 1

2αt
‖xt+1 − xt‖2. (2)

Stability steers suboptimality

Convex case. Let x? be a solution and D := ‖x1 − x?‖. Then,

E[f (xT ) − f (x?)] ≤ D2

2
∑

t αt︸ ︷︷ ︸
bias

+
∑

t αt E[δt]∑
t αt

+ VT︸ ︷︷ ︸
driven by stability

=: ΩT ,

where VT :=
∑T−1

k=1
αk∑T

t=k+1 αt

(
1∑T

t=k αt

∑T
t=k αtE[δt]

)
.

Takeaway

The stability index directly impacts the suboptimality bound. Slower scaling of
δt with α → +∞ corresponds to higher robustness (see Fig. 2).

Illustration. Fixing αt = α and assuming ∆ := E[δt] ∝ αν, the bound becomes
ΩT ≈ D2

2αT + αν [ 1 + ln T ].
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Figure 2. Scaling of stability index with α affects the bound ΩT .

Stability index for each method

We derive δt for each of the methods:
δSGD

t = αt

2 ‖gt‖2 (linear in α)
δSPS

t = τt

(
1 − τt

2αt

)
‖gt‖2 ≤ min

{
αt‖gt‖2, f (xt, st) − Cst

}
(≤ δSGD

t )
δNGN

t = γt

2 ‖gt‖2 (≤ δSGD
t )

δSPP
t ≤ min

{
αt

2 ‖gt‖2, f (xt, st) − inf f (·, st)
}

(≤ δSGD
t )

Main result

δSPS
t ≤ δSGD

t and δNGN
t ≤ δSGD

t and δSPP
t ≤ δSGD

t always. For SPS/SPP the
robustness gains are determined by interpolation (Es[f (x?) − inf f (·, s)])
and the lower-bound estimation error (Es[inf f (·, s) − Cs]).

Beyond convexity

The same role for δt holds in the weakly convex setting: we can bound the
Moreau-envelope (a measure for near-stationarity) by a bias term and a stability
term with E[δt].

Experiments

The bound ΩT qualitatively predicts the range of well-performing learning
rates, even on non-convex tasks where the theory does not strictly apply.
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Figure 3. (Left) ResNet20 on CIFAR10. SPS and NGN are stable up to α≈10. SGD degrades
for α≥1; the bound (dashed) tracks this. (Right) Logistic regression on vowel dataset.
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